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1 Introduction
Group gradings (or simply, gradings) on Lie algebras emerged at the beginning of Lie The-
ory and since then have been extensively used. The Cartan decomposition of a semisimple
Lie algebra is one of the most interesting fine gradings, which has a heavy influence in Lie
algebras and their representation theory. There are also numerous applications of grad-
ings on various algebraic structures. For instance, gradings on the tangent Lie algebras of
Lie groups are used in symmetric spaces; finite cyclic group gradings of finite dimensional
semisimple Lie algebras are used in Kac-Moody algebra theory, etc.
In the last ten years there has been an increasing interest in the gradings on a well-
known algebraic structure and the study used to be focused on the simple ones including
simple Lie algebras and simple Lie superalgebras. For instance, a classification of fine
gradings up to equivalence on all classical simple Lie algebras over an algebraically closed
field of characteristic 0 has been completed (see [13]). For further information pertaining
to gradings on various simple algebras the reader is referred to [2–6, 8–12, 14, 17, 18, 20]
and the references therein. Recently, the gradings on non-simple Lie algebras have also
been considered. Among them the gradings by abelian groups on filiform algebras (which
are nilpotent Lie algebras) are classified up to isomorphism (see [1]) and the fine gradings
on Heisenberg (super)algebras and twisted Heisenberg algebras (which are nilpotent or
solvable Lie superalgebras) are classified up to equivalence (see [7]).
One of the important ingredients in the group grading theory is the notion of Weyl
groups, which is a generalization of the usual one for Lie algebras and in which the symme-
try for a graded algebra is included in a sense. Patera and Zassenhaus initiated the study
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of Weyl groups of Lie gradings (see [21]). The reader is also referred to more recent papers
on Weyl groups of gradings (see [15, 16]).
We are concerned with the so-called twisted Heisenberg superalgebras, which are an
infinite family of finite dimensional solvable Lie superalgebras, obtained by forming a semi-
direct product of a Heisenberg Lie superalgebra and a derivation. It is well known that, as
in the non-super case, Heisenberg superalgebras and their twisted deformations are very
important subjects in the research of both mathematics and physics. In this paper, starting
from defining twisted Heisenberg superalgebras, we first classify all their fine gradings up to
equivalence and characterize their Weyl groups in a simplest case. Compared with twisted
Heisenberg algebras, we can find more than two fine gradings up to equivalence and their
Weyl groups are clear and concise in this case. Finally, in terms of blocks, we classify all the
fine gradings up to equivalence on complex twisted Heisenberg superalgebras. Furthermore,
we determine all the Weyl groups of these gradings.
2 Preliminaries
All algebras in this paper are assumed to be over the complex number field C and of finite
dimensions. We should note that the main results also hold over an algebraically closed
field of characteristic 0.
We briefly review some basic definitions pertaining to gradings of superalgebras and for
more details in non-super case the reader is referred to [1, 7, 13, 17]. Let A be a superalgebra
and G an abelian group. A G-grading on A is a Z2-graded vector space decomposition by
G,
Γ : A =
⊕
g∈G
Ag,
such that AgAh ⊂ Agh for all g, h ∈ G, in which eachAg is called a homogeneous component
of degree g. The support of the G-grading is the set
S = {g ∈ G | Ag 6= 0}.
Suppose we are given another grading on the superalgebra Ag,
Γ′ : A =
⊕
h∈H
A′h
with support S′, where H is an abelian group. The gradings Γ and Γ′ are said to be
equivalent if there is a superalgebra automorphism φ of A equipped with a bijection σ :
S −→ S′ such that φ(As) = A′σ(s) for all s ∈ S; such an automorphism φ is called an
equivalence between the gradings Γ and Γ′.
The automorphism group of Γ, denoted by Aut(Γ), is the group consisting of all the self-
equivalences of Γ, i.e., automorphisms of the superalgebraA which permute the components
of Γ. The stabilizer of Γ, denoted by Stab(Γ), is the subgroup of Aut(Γ) consisting of all
the automorphisms of the superalgebra A that leave each component of Γ invariant. The
quotient group Aut(Γ)/Stab(Γ) is called the Weyl group of Γ, which is denoted by W(Γ).
The diagonal group of Γ, denoted by Diag(Γ), consists of all automorphisms of the graded
superalgebra A such that each component Ag of Γ contained in some eigenspace of every
f ∈ Diag(Γ). The grading Γ of a superalgebra A is said to be toral if Diag(Γ) is contained
in a torus of the algebraic group Aut(A).
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A grading Γ is called a refinement of a grading Γ′ (or Γ′ a coarsening of Γ) if each
homogeneous component of Γ′ is a (direct) sum of some homogeneous components of Γ. A
grading is said to be fine if it admits no proper refinements in the obvious sense.
A G-grading Γ : A =
⊕
g∈GAg is said to be universal if the following universal property
holds: for any coarsening A =
⊕
g′∈G′ A
′
g′ of Γ there exists a unique group epimorphism
α : G −→ G′ such that for g′ ∈ G′,
A′g′ =
⊕
g∈α−1(g′)
Ag.
For any G-grading Γ : A =
⊕
g∈GAg, there is a universal grading equivalent to Γ. In
fact, if we write G˜ for the abelian group generated by the support of Γ subject to the
relations g1g2 = g3 if 0 6= [Ag1 , Ag2 ] ⊂ Ag3 , then Γ˜ : A =
⊕
g˜∈G˜
Ag˜ is a universal grading
equivalent to Γ, where Ag˜ is the sum of all the homogeneous components Ag of Γ such that
the class of g in G˜ is g˜ (see [20, Section 3.3]). The group G˜ is called the universal grading
group of Γ. Recall that a fine grading is toral if and only if its universal grading group
is torsion-free (see [7, Section 2]). Since A is a finite dimensional algebra, G˜ is a finitely
generated abelian group. In view of this fact, in the subsequent sections all the gradings
are assumed to be universal.
3 Twisted Heisenberg superalgebras
Recall that a Heisenberg superalgebra is a two-step nilpotent Lie superalgebra with one-
dimensional even center (see [7]). The even part of a Heisenberg superalgebra is a Heisen-
berg algebra and hence must be of odd dimension. A Heisenberg superalgebra of super-
dimension (n,m) with n = 2k + 1 has a homogeneous basis
{z, e1, ê1, . . . , ek, êk | w1, . . . , wm} (3.1)
with nonzero brackets
[ei, êi] = −[êi, ei] = [wj , wj ] = z,
where 1 ≤ i ≤ k, 1 ≤ j ≤ m. We denote by Hn,m the Heisenberg superalgebra of super-
dimension (n,m).
Let us define twisted Heisenberg superalgebra.
Definition 3.1. Let n be a positive odd number and m ∈ Z≥0. Write n = 2k + 1 and
suppose 2r ≤ m, where k, r ∈ Z≥0. For λ = (λ1, . . . , λk) ∈ (C×)k and κ = (κ1, . . . , κr) ∈
(C×)r, a superspace of superdimension (n+ 1,m) with a homogeneous basis
{z, u, e1, ê1, . . . , ek, êk | w1, ŵ1, . . . , wr, ŵr, η1, . . . , ηm−2r}, (3.2)
becomes a Lie superalgebra with respect to the multiplication given by the following nonzero
brackets (i ≤ k, j ≤ r, t ≤ m− 2r)
[ei, êi] = λiz, [u, ei] = λiêi, [u, êi] = −λiei,
[u,wj ] = κjŵj , [u, ŵj ] = −κjwj ,
[wj , wj ] = [ŵj , ŵj ] = [ηt, ηt] = z.
This Lie superalgebra is called a twisted Heisenberg superalgebra, denoted by Hλ,κn,m.
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Clearly, Lie superalgebra Hλ,κn,m is not nilpotent, but it is solvable, since [H
λ,κ
n,m, H
λ,κ
n,m] =
Hn,m.
A twisted Heisenberg superalgebra is actually a semi-direct product of a Heisenberg
superalgebra and an even derivation. Note that the Heisenberg superalgebra Hn,m has an
even derivation u such that
u(z) = 0, u(ei) = λiêi, u(êi) = −λiei (3.3)
for all i ≤ k. Define a Lie superalgebra Hun,m := Hn,m⋊Cu. Then it is clear that the even
part of Hun,m is a twisted Heisenberg algebra (see [7, Definition 4]).
Proposition 3.2. Let Hn,m be a Heisenberg superalgebra, where n = 2k + 1 is a positive
odd number and k,m ∈ Z≥0. Let u be an even derivation of Hn,m satisfying Eq. (3.3)
for some λ = (λ1, . . . , λk) ∈ (C×)k. Then Hun,m is isomorphic to Hλ,κn,m for some κ =
(κ1, . . . , κr) ∈ (C×)r, where r ∈ Z≥0 and 2r ≤ m.
Proof. Recall that Eq. (3.1) is a homogeneous basis of Hn,m. Suppose u(wi) =
m∑
j=1
ajiwj ,
where all aji ∈ C. Since u is a derivation, we have aij = −aji for all 1 ≤ i, j ≤ m. Then
the matrix A = (aij) of the restriction of u to the odd part of Hn,m with respect to the
ordered basis {w1, . . . , wm} is a skew symmetric matrix. By [19, Corollary 4.4.19], A is
unitarily congruent to a matrix of the following form:
A′ =

0 −κ1
κ1 0
. . .
0 −κr
κr 0
0
. . .
0

,
where κi ∈ C, 1 ≤ i ≤ r. By [22, Theorem 13], we know that Hun,m is isomorphic to Hλ,κn,m
for κ = (κ1, . . . , κr) ∈ (C×)r .
4 Fine grading on Hλ,κn,m
4.1 Torality and basic examples
We are now dealing with two types of fine gradings on Hλ,κn,m, which will be relevant to our
work. For each s such that 0 ≤ 2s ≤ m− 2r, write
pi :=
1√
2
(η2i−1 + iη2i),
qi :=
1√
2
(η2i−1 − iη2i),
zj := ηj+2s,
(4.1)
where i ≤ s, j ≤ m− 2r − 2s and i = √−1 ∈ C. Then
[pi, qi] = [zj , zj] = z,
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for i ≤ s and j ≤ m− 2r − 2s. Obviously
{z, u, e1, ê1, . . . , ek, êk | w1, ŵ1, . . . , wr, ŵr, p1, q1, . . . , ps, qs, z1, . . . , zm−2r−2s} (4.2)
is a basis of Hλ,κn,m. Then a fine grading on H
λ,κ
n,m is obviously provided by our basis: for
each s such that 0 ≤ 2s ≤ m− 2r, we have a G-grading given by
Γs1 : (H
λ,κ
n,m)(2;2;0,...,0;0,...,0;0,...,0;0,...,0) = 〈z〉,
(Hλ,κn,m)(0;2;0,...,0;0,...,0;0,...,0;0,...,0) = 〈u〉,
(Hλ,κn,m)(1;0;0,...,1,...,0;0,...,0;0,...,0;0,...,0) = 〈ei〉 (1 in the i-th slot),
(Hλ,κn,m)(1;2;0,...,1,...,0;0,...,0;0,...,0;0,...,0) = 〈êi〉,
(Hλ,κn,m)(1;1;0,...,0;0,...,1,...,0;0,...,0;0,...,0) = 〈wj〉,
(Hλ,κn,m)(1;3;0,...,0;0,...,1,...,0;0,...,0;0,...,0) = 〈ŵj〉,
(Hλ,κn,m)(1;1;0,...,0;0,...,0;0,...,1,...0;0,...,0) = 〈pt〉,
(Hλ,κn,m)(1;1;0,...,0;0,...,0;0,...,−1,...,0;0,...,0) = 〈qt〉,
(Hλ,κn,m)(1;1;0,...,0;0,...,0;0,...,0;0,...,1,...,0) = 〈zh〉,
where
i ≤ k, j ≤ r, t ≤ s, h ≤ m− 2r − 2s
and
G = Z× Z4 × Zk+r2 × Zs × Zm−2r−2s2 .
Clearly, the grading Γs1 is not toral. Let us find a toral fine grading. Let
ui :=
1√
2i
(ei + iêi),
vi :=
1√
2i
(ei − iêi),
fj :=
1√
2
(wj + iŵj),
gj :=
1√
2
(wj − iŵj),
(4.3)
where i ≤ k and j ≤ r. Then
[u, ui] = −iλiui,
[u, vi] = iλivi,
[ui, vi] = −λiz,
[u, fj] = −iκifj ,
[u, gj] = iκigj,
[fj, gj ] = [pt, qt] = [zh, zh] = z,
(4.4)
where i ≤ k, j ≤ r, t ≤ s and h ≤ m− 2r − 2s. Obviously
{z, u, u1, v1, . . . , uk, vk | f1, g1, . . . , fr, gr, p1, q1, . . . , ps, qs, z1, . . . , zm−2r−2s} (4.5)
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is a basis ofHλ,κn,m. For each s such thatm−2r−2s 6= 1, we have a fine Z1+k+r+s×Zm−2r−2s2 -
grading
Γs2 : (H
λ,κ
n,m)(2;0,...,0;0,...,0;0,...,0;0,...,0) = 〈z〉,
(Hλ,κn,m)(0;0,...,0;0,...,0;0,...,0;0,...,0) = 〈u〉,
(Hλ,κn,m)(1;0,...,1,...,0;0,...,0;0,...,0;0,...,0) = 〈ui〉 (1 in the i-th slot),
(Hλ,κn,m)(1;0,...,−1,...,0;0,...,0;0,...,0;0,...,0) = 〈vi〉,
(Hλ,κn,m)(1;0,...,0;0,...,1,...,0;0,...,0;0,...,0) = 〈fj〉,
(Hλ,κn,m)(1;0,...,0;0,...,−1,...,0;0,...,0;0,...,0) = 〈gj〉,
(Hλ,κn,m)(1;0,...,0;0,...,0;0,...,1,...,0;0,...,0) = 〈pt〉,
(Hλ,κn,m)(1;0,...,0;0,...,0;0,...,−1,...,0;0,...,0) = 〈qt〉,
(Hλ,κn,m)(1;0,...,0;0,...,0;0,...,0;0,...,1,...,0) = 〈zh〉,
where
i ≤ k, j ≤ r, t ≤ s, h ≤ m− 2r − 2s.
If m is even, then Γ
m
2 −r
2 is a toral fine grading. If m is odd, for s =
m−1
2 − r, then we have
a toral fine Z1+k+r+s-grading
Γ
m−1
2 −r
2 : (H
λ,κ
n,m)(2;0,...,0;0,...,0;0,...,0) = 〈z〉,
(Hλ,κn,m)(0;0,...,0;0,...,0;0,...,0) = 〈u〉,
(Hλ,κn,m)(1;0,...,1,...,0;0,...,0;0,...,0) = 〈ui〉(1 in the i-th slot),
(Hλ,κn,m)(1;0,...,−1,...,0;0,...,0;0,...,0) = 〈vi〉,
(Hλ,κn,m)(1;0,...,0;0,...,1,...,0;0,...,0) = 〈fj〉,
(Hλ,κn,m)(1;0,...,0;0,...,−1,...,0;0,...,0) = 〈gj〉,
(Hλ,κn,m)(1;0,...,0;0,...,0;0,...,1,...,0) = 〈pt〉,
(Hλ,κn,m)(1;0,...,0;0,...,0;0,...,−1,...,0) = 〈qt〉,
(Hλ,κn,m)(1;0,...,0;0,...,0;0,...,0) = 〈z1〉.
where i ≤ k, j ≤ r, t ≤ s.
Lemma 4.1. For each group grading on Hλ,κn,m, there is a basis
{z, u′, u′1, v′1, . . . , u′k, v′k | f ′1, g′1, . . . , f ′r, g′r, p′1, q′1, . . . , p′s, q′s, z′1, . . . , z′m−2r−2s}
of Hλ,κn,m with u
′ a homogeneous element of the grading such that the only nonzero brackets
are given by
[u′, u′i] = −iλiu′i,
[u′, v′i] = iλiv
′
i,
[u′i, v
′
i] = −λiz,
[u′, f ′j] = −iκif ′j ,
[u′, g′j] = iκig
′
j,
[f ′j, g
′
j ] = [p
′
t, q
′
t] = [z
′
h, z
′
h] = z,
where i ≤ k, j ≤ r, t ≤ s and h ≤ m− 2r − 2s.
Fine gradings and their Weyl groups for twisted Heisenberg Lie superalgebras 7
Proof. Let Γ : L =
⊕
g∈G Lg be a group grading on L = H
λ,κ
n,m and L0 denote the even
part of L. Since any automorphism leaves invariant [L0, L0] = (Hn,m)0 and 〈z〉, one sees
that z is homogeneous and (Hn,m)0 is a G-graded subspace.
Since not every homogeneous element of L0 is contained in (Hn,m)0, we can take a
homogeneous element a = ηu + h ∈ L0 with η a nonzero scalar and h ∈ (Hn,m)0. Then
u′ := η−1a is a homogeneous element and u′ − u ∈ (Hn,m)0. Recall that Eq. (4.5) is a
basis of L. Then
u′ = u+ αz +
k∑
i=1
αiui +
k∑
i=1
βivi
for some scalars α, αi, βi ∈ C. Take u′i = ui + iβiz, v′i = vi + iαiz, f ′i = fi, g′i = gi, p′i = pi,
q′i = qi, z
′
i = zi. Then the basis
{z, u′, u′1, v′1, . . . , u′k, v′k | f ′1, g′1, . . . , f ′r, g′r, p′1, q′1, . . . , p′s, q′s, z′1, . . . , z′m−2r−2s}
satisfies the required conditions.
Lemma 4.1 tells us a useful fact: for any group grading Γ : L =
⊕
g∈G Lg on L = H
λ,κ
n,m,
the element u in Eq. (4.5) can always be assumed to be a homogeneous element of the
grading. Let us denote by degu = h ∈ G the degree of u in Γ. Now we will show that h is
necessarily of finite order. Denote
ϕ := adu : L −→ L, x 7→ [u, x].
If 0 6= x ∈ [u, L] is a homogeneous element, then there is g ∈ G such that
x =
k∑
i=1
(ciui + divi) +
r∑
i=1
(c′ifi + d
′
igi) ∈ Lg
for some scalars ci, di, c
′
i, d
′
i ∈ C. Then
ϕt(x) =
k∑
i=1
((−1)tciui + divi)(iλi)t +
r∑
i=1
((−1)tc′ifi + d′igi)(iκi)t ∈ Lg+th
is not zero for all t ∈ N. Since there are not more than 2k + 2r linearly independent
elements in the set{
k∑
i=1
((−1)tciui + divi)(iλi)t +
r∑
i=1
((−1)tc′ifi + d′igi)(iκi)t | t ∈ Z≥0
}
⊂ 〈{u1, v1, . . . , uk, vk | f1, g1, . . . , fr, gr}〉,
there is a positive integer p ≤ 2k + 2r + 1 with ϕp(x) ∈ 〈{ϕt(x) | 0 ≤ t < p}〉. Since
ϕp(x) ∈ Lg+ph ∩ (
∑
t<p Lg+th), there exists t < p such that g + ph = g + th. Hence
(p− t)h = 0, as desired.
Let us denote by l the order of h in G. By Eq. (4.4), we know the set of eigenvalues of
ϕ is
{−iλ1, iλ1, . . . ,−iλk, iλk,−iκ1, iκ1, . . . ,−iκr, iκr, 0, . . . , 0}
with respective eigenvectors
{u1, v1, . . . , uk, vk, f1, g1, . . . , fr, gr, u, z, p1, q1, . . . , ps, qs, z1, . . . , zm−2r−2s}.
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Then the set of eigenvalues of ϕ|[u,L] is
{−iλ1, iλ1, . . . ,−iλk, iλk,−iκ1, iκ1, . . . ,−iκr, iκr} =: Spec(u).
Set
µi :=
{ −iλi, 1 ≤ i ≤ k
−iκi−k, k + 1 ≤ i ≤ k + r.
Then
Spec(u) = {µ1,−µ1, . . . , µk+r,−µk+r}.
Fix µi ∈ Spec(u), consider the eigenspace of ϕ given by Vµi := {x ∈ L | ϕ(x) = µix}
and denote by V lµi := {x ∈ L | ϕl(x) = µlix}. It is obviously that Vµi ⊂ V lµi is nonzero.
Moreover, as V lµi is invariant under ϕ, one sees that ϕ|V lµi is diagonalizable and
V lµi =
l−1⊕
j=0
Vξjµi (4.6)
for ξ a fixed primitive lth root of unit. Note that if x ∈ V lµi , then
l−1∑
q=0
(ξl−jµ−1i )
qϕq(x) ∈ Vξjµi
for any j = 0, . . . , l − 1.
Recall that if f ∈ End(L) satisfies f(Lg) ⊂ Lg for all g ∈ G, then for each α ∈ C,
the eigenspace Vα = {x ∈ L | f(x) = αx} is G-graded. Since ϕl(Lg) ⊂ Lg+lh = Lg, the
eigenspace V lµi of ϕ
l is a G-graded subspace of L. Thus we can take 0 6= x ∈ V lµi ∩ Lg for
some g ∈ G. For each j = 0, . . . , l − 1, the element
l−1∑
q=0
(ξl−jµ−1i )
qϕq(x) ∈
l−1∑
q=0
Lg+qh
must be nonzero. Consequently, Vξjµi 6= 0 for all j. Then
{ξjµi | j = 0, . . . , l − 1} ⊂ Spec(u)
for any µi ∈ Spec(u). Hence
Spec(u) = {±ξjµi | 0 ≤ j < l, 1 ≤ i ≤ k + r}. (4.7)
As mentioned above, our aim is to classify all the fine gradings up to equivalence and
characterize their Weyl groups for twisted Heisenberg superalgebras. Now we are in position
to do that in a special case, while the general case is left to Sections 4.2 and 4.3.
Theorem 4.2. Suppose that λi
λj
and κi
κj
are not roots of unit for all i 6= j.
(1) Up to equivalence, there are m − 2r + 2 fine gradings on Hλ,κn,m if m is even and
m− 2r + 1 in case m is odd, namely,
{Γs1,Γs2 : 0 ≤ 2s ≤ m− 2r},
and only Γ
m
2 −r
2 (m is even) and Γ
m−1
2 −r
2 (m is odd) are toral.
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(2) The Weyl groups of these fine gradings are
W(Γs1) ∼= Zk+r+s2 ⋊ (Ss × Sm−2r−2s)
and
W(Γs2) ∼= Z1+s2 ⋊ (Ss × Sm−2r−2s).
Proof. (1) Let Γ : L =
⊕
g∈G Lg be a group grading on L = H
λ,κ
n,m. By Lemma 4.1, we
can assume that u is homogeneous with degu = h ∈ G of finite order l. Now we will show
that l = 1 or l = 2. Otherwise, take ξ a primitive lth root of unit. As ξµ1 6= ±µ1, by Eq.
(4.7), there is 1 6= i ≤ k such that ξµ1 ∈ ±µi. Then either ( µiµ1 )l = 1 or (
µi
µ1
)2l = 1, this is
a contradiction. Hence, we distinguish two cases.
(i) First consider l = 1, that is h = 0 ∈ G. Then ϕ(Lg) ⊂ Lg for all g ∈ G. So we
can take a basis of homogeneous elements which are eigenvectors for ϕ. Recall that the
eigenvalues of ϕ|[u,L] consist of {±µ1, . . . ,±µk+r}. Let L0 and L1 denote the even part
and the odd part of L respectively. Take a homogeneous element x1 6= 0 in Vµ1 ∩ L0. As
[x1, V−µ1 ∩ L0] 6= 0, there is some element y1 ∈ V−µ1 ∩ L0 such that [x1, y1] = −λ1z. Now
[u, L] = W ⊕ Z[u,L](W )
for W := 〈x1, y1〉, where W and its centralizer Z[u,L](W ) are G-graded and ϕ-invariant.
We continue by induction until finding a homogeneous basis
{x1, y1, . . . , xk, yk | ω1, ν1, . . . , ωr, νr}
of [u, L] such that [xi, yi] = −λiz, [u, xi] = µixi = −iλixi, [u, yi] = −µiyi = iλiyi for i ≤ k
and [ωi, νi] = z, [u, ωi] = −iκiωi, [u, νi] = iκiyi for i ≤ r. Note that
L = 〈z〉 ⊕ 〈u〉 ⊕ [u, L]⊕ V,
where V := kerϕ ∩ L1. Then V is a m − 2r-dimensional linear space with a symmetric
nondegenerate bilinear form 〈·, ·〉 : V × V → C such that [x, y] = 〈x, y〉z for all x, y ∈ V.
Since V is a G-graded subspace, we can assume that V =
⊕
g∈G Vg, where Vg := V ∩ Lg.
By [7, Lemma 2], there is a basis B = {γ1, ρ1, . . . , γs, ρs, δ1, . . . , δm−2r−2s} of V such that
• B ⊂ ⋃g Vg; (∗)
• 〈γi, ρi〉 = 1, 〈δi, δi〉 = 1;
• any other inner product of elements in B is zero.
Then the map u 7→ u, z 7→ z, xi 7→ ui, yi 7→ vi, ωi 7→ fi, νi 7→ gi, γi 7→ pi, ρi 7→ qi and
δi 7→ zi extends to a Lie superalgebra isomorphism which applies Γ into a coarsening of
Γs2.
(ii) Second consider the case l = 2, that is, 2h = 0 but h 6= 0. Then ϕ2 preserves the
grading Γ and it is diagonalizable with eigenvalues
{µ21, . . . , µ2k, µ2k+1, . . . , µ2k+r, 0, . . . , 0}.
It is clear that ϕ applies
V 2µi = {x ∈ L | ϕ2(x) = µ2i x}
into itself. Since ϕ2 preserves the grading, we have V 2µi is G-graded for each i. For any
0 6= x1 ∈ V 2µ1 ∩ Lg ∩ L0 a homogeneous element of the grading, ϕ(x1) is independent
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with x1. Take y1 =
1
λ1
ϕ(x1). Then ϕ(y1) = −λ1x1. Since λ2i 6= λ2j for all i 6= j, we have
dim V 2µi ∩ L0 = 2 for all i ≤ k. So we have [x1, y1] 6= 0 and V 2µ1 ∩ L0 = 〈x1, y1〉. Since C is
algebraically closed, we can scale to get [x1, y1] = λ1z. Then
[u, L0] =W ⊕ Z[u,L0](W )
for W := 〈x1, y1〉, where W and Z[u,L0](W ) are G-graded and ϕ-invariant. We continue
this process on Z[u,L0](W ) until finding a homogeneous basis
{x1, y1, . . . , xk, yk}
of [u, L0] such that [xi, yi] = λiz, [u, xi] = λiyi, [u, yi] = −λixi.
For any 0 6= ω1 ∈ V 2µk+1 ∩ Lg ∩ L1, ϕ(ω1) is independent with ω1. Take ν1 = 1κ1ϕ(ω1).
Then ϕ(ν1) = −κ1ω1. Since κiκj is not a root of unit for all i 6= j, we have dim V 2µk+1∩L1 = 2
and
V 2µk+1 ∩ L1 = 〈ω1, ν1〉.
As before, we have [ω1, ω1] 6= 0 and [ν1, ν1] 6= 0. Hence we can scale to get [ω1, ω1] = z and
[ν1, ν1] = z. Then
[u, L1] = W
′ ⊕ Z[u,L1](W ′)
for W ′ := 〈ω1, ν1〉, where both W ′ and Z[u,L1](W ′) are G-graded and ϕ-invariant. We
continue this process on Z[u,L1](W
′) until finding a basis of homogeneous elements
{ω1, ν1, . . . , ωk, νk}
of [u, L1] such that [u, ωi] = κiνi, [u, νi] = −κiωi and [ωi, ωi] = [νi, νi] = z. Similar to the
first case, there is a homogeneous basis
B = {γ1, ρ1, . . . , γs, ρs, δ1, . . . , δm−2r−2s}
of V := kerϕ ∩ L1 satisfying (∗). Then the map u 7→ u, z 7→ z, xi 7→ ei, yi 7→ êi, ωi 7→ wi,
νi 7→ ŵi, γi 7→ pi, ρi 7→ qi and δi 7→ zi extends to a Lie superalgebra isomorphism which
applies Γ into a coarsening of Γs1.
(2) Now we compute the Weyl groups of these fine gradings. Note that for any f ∈
Aut(L), we have 0 6= f(z) ∈ 〈z〉. Denote by [f ] the class of an automorphism f ∈ Aut(Γ)
in the quotient W(Γ).
(i) Suppose f ∈ Aut(Γs1). Then f(u) ∈ 〈u〉. Otherwise, there exists some i ≤ k such
that either f(ei) ∈ 〈u〉 or f(êi) ∈ 〈u〉, hence
0 6= f(λiz) = [f(ei), f(êi)] ∈ [u, L] ∩ 〈z〉 = 0.
Then
f(ei), f(êi) ∈ 〈e1〉 ∪ · · · ∪ 〈ek〉 ∪ 〈ê1〉 ∪ · · · ∪ 〈êk〉
for all i ≤ k. Since
0 6= f([u,wi]) = [f(u), f(wi)]
and
0 6= f([u, ŵi]) = [f(u), f(ŵi)],
we know f(wi), f(ŵi) 6∈ ker(adu) for any i = 1, . . . , r, so we have
f(wi), f(ŵi) ∈ 〈w1〉 ∪ · · · ∪ 〈wr〉 ∪ 〈ŵ1〉 ∪ · · · ∪ 〈ŵr〉.
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Similarly we have
f(pi), f(qi) ∈ 〈p1〉 ∪ · · · ∪ 〈ps〉 ∪ 〈q1〉 ∪ · · · ∪ 〈qs〉
and
f(zi) ∈ 〈z1〉 ∪ · · · ∪ 〈zm−2r−2s〉.
For each index i ≤ k, there exists a unique θi ∈ Aut(Γs1) such that θi|L1 = id,
θi(ej) = ej, θi(êj) = êj
for each j 6= i and
θi(z) = z, θi(u) = u, θi(ei) = êi, θi(êi) = −ei.
Hence we can compose f with some θi’s if necessary to obtain that
f ′ := θi1 · · · θitf ∈ Aut(Γs1)
satisfies
f ′(ei) ∈ 〈e1〉 ∪ 〈e2〉 ∪ · · · ∪ 〈ek〉
and
f ′(êi) ∈ 〈ê1〉 ∪ 〈ê2〉 ∪ · · · ∪ 〈êk〉
for each i ≤ k. Thus, there is σ ∈ Sk (the permutation group of k elements) such that
f ′(z) = αz, f ′(u) = βu, f ′(ei) = αieσ(i), f
′(êi) = βiêσ(i)
for any i ≤ k, with α, β, αi, βi ∈ C×. From here, the equality
f ′([u, ei]) = [f
′(u), f ′(ei)]
implies that βiλi = βαiλσ(i). Similarly, we have αiλi = ββiλσ(i). Thus we get λσ(i) ∈
±β−1λi for any i ≤ k. By multiplying, we have
k∏
i=1
λσ(i) ∈ ±β−k
k∏
i=1
λi.
Hence β2k = 1. As
λσ(i)
λi
is not a root of unit if σ(i) 6= i, we conclude that σ = id.
For each index i ≤ r, there exists a unique ϑi ∈ Aut(Γs1) such that ϑi|L0 = id,
ϑi(wi) = iŵi, ϑi(ŵi) = −iwi, ϑi(pj) = pj, ϑi(qj) = qj , ϑi(zh) = zh
for all j ≤ s, h ≤ m− 2r − 2s and
ϑi(wj) = wj , ϑi(ŵj) = ŵj
for each j 6= i. Hence we can compose f ′ with some ϑi’s if necessary to obtain that
f ′′ := ϑj1 · · ·ϑjhf ′ ∈ Aut(Γs1) satisfies
f ′′(wi) ∈ 〈w1〉 ∪ 〈w2〉 ∪ · · · ∪ 〈wr〉
and
f ′′(ŵi) ∈ 〈ŵ1〉 ∪ 〈ŵ2〉 ∪ · · · ∪ 〈ŵr〉
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for each i ≤ r. Thus, there is σ′ ∈ Sr such that
f ′′(z) = αz, f ′′(u) = βu, f ′′(wi) = α
′
iwσ′(i), f
′′(ŵi) = β
′
iŵσ′(i)
for any i ≤ r, with α′i, β′i ∈ C×. By a similar argument as the above, we have σ′ = id.
For each index i ≤ s, there exists a unique ̺i ∈ Aut(Γs1) such that ̺i|L0 = id,
̺i(wj) = wj , ̺i(ŵj) = ŵj , ̺i(pi) = qi, ̺i(qi) = pi, ̺i(zt) = zt
for all j ≤ r, t ≤ m− 2r − 2s and
̺i(pj) = pj , ̺i(qj) = qj
for each j 6= i. Hence we can compose f ′′ with some ̺i’s if necessary to obtain that
f ′′′ := ̺k1 · · · ̺klf ′′ satisfies
f ′′′(pi) ∈ 〈p1〉 ∪ 〈p2〉 ∪ · · · ∪ 〈ps〉
and
f ′′′(qi) ∈ 〈q1〉 ∪ 〈q2〉 ∪ · · · ∪ 〈qs〉
for each i ≤ s. Thus, there exist τ˜ , ς˜ ∈ Aut(Γs1) such that
f := τ˜ ς˜f ′′′ ∈ Stab(Γs1),
where τ ∈ Ss, ς ∈ Sm−2r−2s, τ˜ |L0 = id,
τ˜ (pi) = pτ(i), τ˜ (qi) = qτ(i), τ˜ (wj) = wj , τ˜ (ŵj) = ŵj , τ˜ (zt) = zt
for all i ≤ s, j ≤ r, t ≤ m− 2r − 2s and ς˜|L0 = id,
ς˜(zt) = zς(t), ς˜(pi) = pi, ς˜(qi) = qi, ς˜(wj) = wj , ς˜(ŵj) = ŵj
for all t ≤ m− 2r − 2s, i ≤ s, j ≤ r.
Since θiθj = θjθi, ϑiϑj = ϑjϑi, ̺i̺j = ̺j̺i and θ
2
i , ϑ
2
i , ̺
2
i ∈ Stab(Γs1), we have
W(Γs1) = {[θi1 · · · θitϑj1 · · ·ϑjh̺k1 · · · ̺kl τ˜ ς˜ ] | τ ∈ Ss, ς ∈ Sm−2r−2s},
where i1 < · · · < it ≤ k, j1 < · · · < jh ≤ r and k1 < · · · < kl ≤ s. It is clear that we can
identify W(Γs1) with the group
Zk+r+s2 ⋊ (Ss × Sm−2r−2s).
(ii) For the other case, there exists a unique µ ∈ Aut(Γs2) such that
µ(z) = z, µ(u) = −u, µ(ui) = ivi, µ(vi) = iui
for all i ≤ k,
µ(fi) = gi, µ(gi) = fi, µ(pj) = pj, µ(qj) = qj , µ(zt) = zt
for all i ≤ r, j ≤ s, t ≤ m− 2r− 2s. Suppose f ∈ Aut(Γs2). Then there are α, β ∈ C× such
that f(z) = αz and f(u) = βu. If f(ui) is a multiple of either uj or vj for some j, this
clearly implies that f(vi) also is, hence there is σ ∈ Sk such that
f(ui) ∈ 〈uσ(i)〉 ∪ 〈vσ(i)〉
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for all i ≤ k. Similarly, there is σ′ ∈ Sr such that f(fi) ∈ 〈fσ′(i)〉 ∪ 〈gσ′(i)〉 for all i ≤ k. As
the above, we can conclude that σ = id and σ′ = id. By composing with µ if necessary, we
can assume that f(u1) ∈ 〈u1〉, which implies β = 1. If f(ui) ∈ 〈vi〉 for some i or f(fj) ∈ 〈gj〉
for some j, then β = −1, which is a contradiction, so we have f(ui) ∈ 〈ui〉 for all i and
f(fj) ∈ 〈fj〉 for all j.
Hence we can compose f with some ̺i’s if necessary to obtain that
f ′ := ̺k1 · · · ̺ktf ∈ Aut(Γs2)
satisfies
f ′(pi) ∈ 〈p1〉 ∪ 〈p2〉 ∪ · · · ∪ 〈ps〉
and
f ′(qi) ∈ 〈q1〉 ∪ 〈q2〉 ∪ · · · ∪ 〈qs〉
for each i = 1, . . . , s. Thus, there are τ ∈ Ss, ς ∈ Sm−2r−2s such that
f := τ˜ ς˜f ′ ∈ Stab(Γs2),
So we have
W(Γs2) = {[µ̺k1 · · · ̺kt τ˜ ς˜ ] | τ ∈ Ss, ς ∈ Sm−2r−2s},
where k1 < · · · < kt ≤ s. It is clear that we can identify W(Γs2) with the group
Z1+s2 ⋊ (Ss × Sm−2r−2s).
4.2 Fine gradings in the general case
In the general case, the situation is much more complicated. In order to describe all the
fine gradings, we previously need to give some key examples. Similar to the situation of
the twisted Heisenberg Lie algebras (see [7, Section 6.4]), these examples motivate the
definition of the block of type I, II and III.
For ξ a primitive lth root of unit, α, β nonzero scalars, we consider the twisted Heisenberg
superalgebra Hλ,κ2l+2,2l corresponding to λ = (λ1, . . . , λl) = (ξα, ξ
2α, . . . , ξl−1α, α) and κ =
(κ1, . . . , κl) = (ξβ, ξ
2β, . . . , ξl−1β, β). Thus
[u, ui] = −iξiαui, [u, vi] = iξiαvi, [ui, vi] = −ξiαz,
[u, fi] = −iξiβfi, [u, gi] = iξiβgi, [fi, gi] = z,
with the definition of ui’s, vi’s, fi’s and gi’s as in Eq. (4.3) and 1 ≤ i ≤ l. Take now
xj =
l∑
i=1
ξjiui, yj = −1
l
l∑
i=1
(−1)jξ(j−1)ivi,
ωj =
l∑
i=1
ξjifi, νj =
1
l
l∑
i=1
(−1)jξjigi,
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where 1 ≤ j ≤ l. So we have
[u, xh] = −iαxh+1, [u, xl] = −iαx1, [u, yh] = −iαyh+1,
[u, yl] = −(−1)liαy1, [xi, yj ] = (−1)j α
l
(
l∑
t=1
ξt(i+j))z,
[u, ωh] = −iβωh+1, [u, ωl] = −iβω1, [u, νh] = −iβνh+1,
[u, νl] = −(−1)liβν1, [ωi, νj ] = (−1)j 1
l
(
l∑
t=1
ξt(i+j))z,
where 1 ≤ h ≤ l− 1 and 1 ≤ i, j ≤ l. Note that [xi, yj] and [ωi, νj ] are not zero if and only
if i + j = l, 2l. In such a case
[xl, yl] = (−1)lαz, [xi, yl−i] = (−1)l−iαz, [ωl, νl] = (−1)lz, [ωi, νl−i] = (−1)l−iz (4.8)
for all i = 1, . . . , l − 1. Obviously
{x1, y1, . . . , xl, yl | ω1, ν1, . . . , ωl, νl}
is a family of independent vectors such that the only nonzero brackets are given by Eq.
(4.8).
Therefore we have a fine grading on L = Hλ,κ2l+2,2l over the group G = Z
2 × Zl given by
L(0;0;1) = 〈u〉,
L(3;3;0) = 〈z〉,
L(1;2;i) = 〈xi〉,
L(2;1;i) = 〈yi〉,
L(0;3;i) = 〈ωi〉,
L(3;0;i) = 〈νi〉,
(4.9)
where 1 ≤ i ≤ l.
If l is even, there exist θ, θ, ϑ, ϑ ∈ Aut(L) such that
θ(xi) = ixi+1, θ(yi) = iyi−1, θ(ωi) = ωi, θ(νi) = νi, θ(z) = z, θ(u) = u;
θ(ωi) = iωi+1, θ(νi) = iνi−1, θ(xi) = xi, θ(yi) = yi, θ(z) = z, θ(u) = u;
ϑ(xi) = yi, ϑ(yi) = −xi, ϑ(ωi) = ωi, ϑ(νi) = νi, ϑ(z) = z, ϑ(u) = u;
ϑ(xi) = xi, ϑ(yi) = yi, ϑ(ωi) = νi, ϑ(νi) = ωi, ϑ(z) = z, ϑ(u) = u,
where the indices are taken modulo l. It is not difficult to check the Weyl group of the
grading described in Eq. (4.9) is generated by the classes [θ], [θ] and [ϑ], [ϑ]. Note that
〈[θ], [ϑ]〉 ∼= Dl, 〈[θ], [ϑ]〉 ∼= Dl, where Dl is the Dihedral group. Then the Weyl group is
isomorphic to Dl ×Dl.
If l is odd, the maps θ, θ are still automorphisms, but ϑ and ϑ are not longer auto-
morphisms. Now there exists a unique ϑ′ ∈ Aut(Γ) such that ϑ′(u) = −u, ϑ′(z) = z
and
ϑ′(xi) = (−1)iyi, ϑ′(yi) = (−1)i+1xi, ϑ′(ωi) = (−1)iνi, ϑ′(νi) = (−1)iωi
for all i ≤ l. It is not difficult to check the Weyl group of the grading described in Eq.
(4.9) is generated by the classes [θ], [θ] and [ϑ′], which is isomorphic to (Zl × Zl)⋊ Z2.
This example motivates the following definition.
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Definition 4.3. Let L be a Lie superalgebra, z ∈ L a fixed even element, u an arbitrary
even element and α, β ∈ C×. A set {x1, y1, . . . , xl, yl}, which will be called a block of type
BIl (u, α), or simply be called an even block of type I, is given by a family of 2l independent
even elements in L, satisfying that the only nonzero products among them are the following:
[u, xi] = −iαxi+1,
[u, xl] = −iαx1,
[u, yi] = −iαyi+1,
[u, yl] = −(−1)liαy1,
[xi, yl−i] = (−1)l−iαz,
[xl, yl] = (−1)lαz,
where 1 ≤ i ≤ l− 1. A set {ω1, ν1, . . . , ωl, νl}, which will be called a block of type BIl(u, β),
or simply be called an odd block of type I, is given by a family of 2l independent odd elements
in L, satisfying that the only nonzero products among them are the following:
[u, ωi] = −iβωi+1,
[u, ωl] = −iβω1,
[u, νi] = −iβνi+1,
[u, νl] = −(−1)liβν1,
[ωi, νl−i] = (−1)l−iz,
[ωl, νl] = (−1)lz,
where 1 ≤ i ≤ l − 1.
To give the next example, fix a primitive 2lth root ζ of unit and nonzero scalars α, β.
Consider now the twisted Heisenberg superalgebra
Hλ,κ2l+2,2l+2s+p = 〈z, u, u1, v1, . . . , ul, vl | f1, g1, . . . , fl, gl, p1, q1, . . . , ps, qs, z1, . . . , zp〉
corresponding to
λ = (λ1, . . . , λl) = (ζα, ζ
2α, . . . , ζl−1α,−α),
κ = (κ1, . . . , κl) = (ζβ, ζ
2β, . . . , ζl−1β,−β),
and the the nonzero Lie brackets are given by
[u, ui] = −iζiαui,
[u, vi] = iζ
iαvi,
[ui, vi] = −ζiαz,
[u, fi] = −iζiβfi,
[u, gi] = iζ
iβgi,
[fi, gi] = [pj , qj ] = [zt, zt] = z,
where 1 ≤ i ≤ l, 1 ≤ j ≤ s and 1 ≤ t ≤ p. Take now
xj =
i√
2l
l∑
i=1
(ui + (−1)j−1vi)ζ(j−1)i
yj =
i√
2l
l∑
i=1
(fi + (−1)j−1gi)ζji
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for each 1 ≤ j ≤ 2l. Observe that {x1, . . . , x2l | y1, . . . , y2l} is a family of linearly indepen-
dent elements satisfying
[u, xi] = −iαxi+1,
[u, x2l] = −iαx1,
[u, yi] = −iβyi+1,
[u, y2l] = −iβy1,
where 1 ≤ i ≤ 2l− 1. A direct computation gives
[xi, xj ] =
1
2l
α((−1)i + (−1)j−1)(
l∑
k=1
ζ(i+j−1)k)z
for all 1 ≤ i, j ≤ 2l. If i + j − 1 = 2l, then i and j − 1 have the same parity and
[xi, x2l+1−i] = (−1)iαz 6= 0. Hence,
[x1, x2l] = −[x2, x2l−1] = · · · = (−1)l−1[xl, xl+1] = −αz
and the remaining brackets are zero: if r = i+ j−1 is odd, then (−1)i+(−1)j−1 = 0, and,
if r = i+ j − 1 6= 2l is even, then ∑lk=1 ζrk = 0 since ζ2 is a primitive lth root of unit.
Similarly we have
[yi, yj ] =
1
2l
((−1)i + (−1)j)(
l∑
k=1
ζ(i+j)k)z
for all 1 ≤ i, j ≤ 2l. If i + j = 2l, then i and j have the same parity and [yi, y2l−i] =
(−1)iz 6= 0. Hence,
−[y1, y2l−1] = [y2, y2l−2] = · · · = (−1)l[yl, yl] = z
and the remaining brackets are zero.
We note that this provides a fine grading on L = Hλ,κ2l+2,2l+2s+p over the group G =
Z× Z4l × Zs × Zp2 given by
〈u〉 = L(0;2;0,...,0;0,...,0),
〈z〉 = L(2;2;0,...,0;0,...,0),
〈xi〉 = L(1;2i;0,...,0;0,...,0),
〈yi〉 = L(1;2i+1;0,...,0;0,...,0),
〈pi〉 = L(1;1;0,...,1,...,0;0,...,0)(1 in the i-th slot),
〈qi〉 = L(1;1;0,...,−1,...,0;0,...,0),
〈zi〉 = L(1;1;0,...,0;0,...,1,...,0).
Clearly, there exists a unique ρ ∈ Aut(L) such that
ρ(xi) = xl+i, ρ(yi) = yl+i, ρ(z) = (−1)lz
for all i = 1, . . . , 2l (mod 2l) and ρ|V = id, where V is the subspace spanned by
{u, pi, qi, zj | i ≤ s, j ≤ p}.
Fine gradings and their Weyl groups for twisted Heisenberg Lie superalgebras 17
Take ̺i, τ˜ and ς˜ described in Theorem 4.2. Then the Weyl group of the grading is isomor-
phic to
Z
1+s
2 ⋊ (Ss × Sp),
since it is easily proved to be generated by [ρ], [̺ki ], [τ˜ ] and [ς˜].
This example motivates the following definition.
Definition 4.4. Let L be a Lie superalgebra, z ∈ L a fixed even element, u an arbitrary
even element and α, β ∈ C×. A set {x1, x2, . . . , x2l}, which will be called a block of type
BIIl (u, α), or simply be called an even block of type II, is given by a family of 2l independent
even elements in L, satisfying the only nonzero products among them are the following:
[u, xi] = −iαxi+1(mod 2l),
[xi, x2l−i+1] = (−1)iαz,
where 1 ≤ i ≤ 2l. A set {y1, y2, . . . , y2l}, which will be called a block of type BIIl (u, α), or
simply be called an odd block of type II, is given by a family of 2l independent odd elements
in L, satisfying that the only nonzero products among them are the following:
[u, yi] = −iβyi+1(mod 2l),
[yi, y2l−i] = (−1)iz,
where 1 ≤ i ≤ 2l. A set {p1, q1, . . . , ps, qs, z1, . . . , zp}, which will be called a block of type
BIIIs,p(u), or simply be called a block of type III, is given by a family of 2s+ p independent
odd elements in L, satisfying that the only nonzero products among them are the following:
[pi, qi] = z,
[zj, zj ] = z,
where 1 ≤ i ≤ s and 1 ≤ j ≤ p.
In fact, all of the gradings on a twisted Heisenberg superalgebra can be described with
blocks of type I, II and III, according to the following proposition.
Proposition 4.5. Let Γ be a G-grading on L = Hλ,κn,m. Let z ∈ Z(L). Then there exist
u ∈ L, positive integers l, t, t′, q, q′, s, p such that
l(q + q′ + 2t+ 2t′) + 2s+ p = n+m− 1
(q, q′ = 0 when l is odd) and scalars β1, . . . , βt, β
′
1, . . . , β
′
t′ , α1, . . . , αq, α
′
1, . . . , α
′
q′ ∈
{±λ1, . . . ,±λk,±κ1, . . . ,±κr} such that
{z, u} ∪ (
t⋃
j=1
Xj) ∪ (
t′⋃
j=1
X ′j) ∪ (
q⋃
j=1
Yj) ∪ (
q′⋃
j=1
Y ′j ) ∪ T (4.10)
is a basis of homogeneous elements of Γ, where Xj is a block of type B
I
l (u, βj) for all
j = 1, . . . , t, X ′j is a block of type B
I
l(u, β
′
j) for all j = 1, . . . , t
′, Yj is a block of type
BIIl
2
(u, αj) for all j = 1, . . . , q, Y
′
j is a block of type B
II
l
2
(u, α′j) for all j = 1, . . . , q
′, T is
a block of type BIIIs,p(u), the brackets of any two elements belonging to different blocks are
zero.
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Proof. Recall that z is always a homogeneous element. By Lemma 4.1, we can assume
that u is also homogeneous of degree h ∈ G, necessarily of finite order. Let l ∈ Z≥0 be the
order of h. Take ϕ = adu and consider again the subspaces Vµi and V
l
µi
. Recall that V lµi
is a ϕ-invariant G-graded subspace for all µi ∈ Spec(u).
(1) Let us discuss first the case that l is odd. Fix any 0 6= x ∈ V lµ1 ∩ Lg ∩ L0 for some
g ∈ G. Since each ϕi(x) ∈ Lg+ih, one sees that
{x, ϕ(x), . . . , ϕl−1(x)}
is a family of linearly independent elements of L. Now observe that Eq. (4.6), together with
the fact that l is odd, one sees that [V lµ1 ∩L0, V lµ1 ∩L0] = 0 and [V lµ1 ∩L0, V l−µ1 ∩L0] 6= 0.
From here, [ϕi(x), ϕj(x)] = 0 for any i, j = 0, 1, . . . , l − 1, and we can take a nonzero
homogeneous element 0 6= y ∈ V l−µ1 ∩Lp ∩L0 such that [x, y] 6= 0. By scaling if necessary,
we can suppose [x, y] = λ1z. Then degz = g + p. As above, we also have that
{y, ϕ(y), . . . , ϕl−1(y)}
is a family of linearly independent elements of L satisfying
[ϕi(y), ϕj(y)] = 0
for any i, j = 0, 1, . . . , l − 1. Since ϕi(x) ∈ Lg+ih and ϕj(y) ∈ Lp+jh, we get that if
[ϕi(x), ϕj(y)] 6= 0, then g + p+ (i+ j)h = degz = g + p. Hence we have i+ j is a multiple
of l. That is, for each 0 ≤ i, j < l,
[ϕi(x), ϕj(y)] = 0
if i + j 6= 0, l. Also note that
[ϕi(x), ϕl−i(y)] = (−1)l−iµl1[x, y] 6= 0.
Indeed, take ξ a primitive lth root of unit and write x =
∑l−1
j=0 aj and y =
∑l−1
j=0 bj for
aj ∈ Vξjµ1 ∩ L0 and bj ∈ V−ξjµ1 ∩ L0. Then
[ϕi(x), ϕl−i(y)] =
l−1∑
j,k=0
[ξjiµi1aj, (−ξk)l−iµl−i1 bk]
= µl1(−1)l−i
l−1∑
j=0
ξjiξj(l−i)[aj , bj] = (−1)l−iµl1[x, y].
It is clear that the family
{x, ϕ(x), . . . , ϕl−1(x), y, ϕ(y), . . . , ϕl−1(y)}
is linearly independent. Recall that µ1 = −iλ1. We have
W :=
{
ϕ(x)
µ1
,
ϕ(y)
µ1
, · · · , ϕ
i(x)
µi1
,
ϕi(y)
µi1
, · · · , ϕ
l(x)
µl1
= x,
ϕl(y)
µl1
= (−1)ly
}
is a block of type BIl (u, λ1).
Now [u, L] = W ⊕ Z[u,L](W ), where W and its centralizer Z[u,L](W ) are G-graded and
ϕ-invariant. We continue this process on Z[u,L](W ) until finding all t+ t
′ blocks of type I
of homogeneous elements.
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(2) Now consider the case with l even. Take a linear subspace Vµl
j
6= 0 as above. Then
we have two different cases to distinguish.
(i) Suppose 1 ≤ j ≤ k.
Case 1. Assume for any g ∈ G and x ∈ V lµj ∩ Lg ∩ L0 we have [x, ϕ(x)] = 0. Fix
0 6= x ∈ V lµj ∩ Lg ∩ L0 for some g ∈ G. Then
{x, ϕ(x), . . . , ϕl−1(x)}
is a family of linearly independent elements of L. By induction on n it is easy to show
[ϕi(x), ϕi+n(x)] = 0 for any i = 0, . . . , l − 1 and n = 1, . . . , l. That is, [ϕi(x), ϕi′ (x)] = 0
for any i, i′ = 0, . . . , l − 1.
Since the fact l is even implies V lµj = V
l
−µj
, we can choose a homogeneous element
0 6= y ∈ V lµj ∩ Lg′ ∩ L0 for some g′ ∈ G, such that 0 6= [x, y] = λjz. The same arguments
that in the odd case say that again
W :=
{
ϕ(x)
µj
,
ϕ(y)
µj
, · · · , ϕ
i(x)
µij
,
ϕi(y)
µij
, · · · , ϕ
l(x)
µlj
,
ϕl(y)
µlj
}
is a block of type BIl (u, λj). Now we can write
[u, L] =W ⊕ Z[u,L](W ),
where W and Z[u,L](W ) are G-graded and ϕ-invariant.
Case 2. Assume that there exists a nonzero element x ∈ V lµj ∩ Lg ∩ L0 for some g ∈ G
such that [x, ϕ(x)] 6= 0. By scaling if necessary, we can assume [x, ϕ(x)] = µjλjz. As above
one sees that
{x, ϕ(x), . . . , ϕl−1(x)}
is a family of homogeneous linearly independent elements of L satisfying
[ϕi(x), ϕi
′
(x)] = 0
if i + i′ 6= 1, l+ 1. A direct computation shows that
[ϕi(x), ϕl−i+1(x)] = (−1)iµlj [x, ϕ(x)] = (−1)iµl+1j λjz
for any i = 1, . . . , l. Thus the set
W :=
{
ϕ(x)
µj
, · · · , ϕ
i(x)
µij
, · · · , ϕ
l(x)
µlj
= x
}
is a block of type BIIl
2
(u, λj). Now we can write
[u, L] =W ⊕ Z[u,L](W ),
where W and Z[u,L](W ) are G-graded and ϕ-invariant.
(ii) Suppose k + 1 ≤ j ≤ k + r.
Case 1. Assume for any g ∈ G and any x ∈ V lµj ∩ Lg ∩ L1 we have [x, x] = 0. Fix
0 6= x ∈ V lµj ∩ Lg ∩ L1 for some g ∈ G. Then
{x, ϕ(x), . . . , ϕl−1(x)}
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is a family of linearly independent elements of L. A similar argument as in (i) shows that
[ϕi(x), ϕi
′
(x)] = 0 for any i, i′ = 0, . . . , l − 1.
Since the fact l is even implies V lµj = V
l
−µj
, we can choose a homogeneous element
0 6= y ∈ V lµj ∩ Lg′ ∩ L1 for some g′ ∈ G such that 0 6= [x, y] = κj−kz. Then{
ϕ(x)
µj
,
ϕ(y)
µj
, · · · , ϕ
i(x)
µij
,
ϕi(y)
µij
, · · · , ϕ
l(x)
µlj
,
ϕl(y)
µlj
}
is a block of type B
I
l(u, κj−k). Now we can write
[u, L] =W ⊕ Z[u,L](W ),
where W and Z[u,L](W ) are G-graded and ϕ-invariant.
Case 2. Assume that there exists a nonzero even element x ∈ V lµj ∩ Lg ∩ L1 for some
g ∈ G such that [x, x] 6= 0. By scaling if necessary, we can assume [x, x] = z. We have
{x, ϕ(x), . . . , ϕl−1(x)}
is a family of homogeneous linearly independent elements of L satisfying
[ϕi(x), ϕi
′
(x)] = 0
if i + i′ 6= l, 2l. By a direct computation we have
[ϕi(x), ϕl−i(x)] = (−1)iµlj [x, x] = (−1)iµljz
for any i = 1, . . . , l. Thus the set{
ϕ(x)
µj
, · · · , ϕ
i(x)
µij
, · · · , ϕ
l(x)
µlj
= x
}
is a block of type BIIl
2
(u, κj−k).
In summary, we can continue this process on Z[u,L](W ) until finding all t + t
′ blocks of
type I and q + q′ blocks of type II.
(3) Finally, we will find the block of type III. By [7, Lemma 2], for each grading Γ, there
is a homogeneous basis B = {p1, q1, . . . , ps, qs, z1, . . . , zp} of V := kerϕ ∩ L1 such that
[pi, qi] = z, 1 ≤ i ≤ s,
[zi, zi] = z, 1 ≤ i ≤ p.
Thus the set {p1, q1, . . . , ps, qs, z1, . . . , zp} is a block of type BIIIs,p(u).
Proposition 4.5 provides a description of all the fine grading on Hλ,κn,m. It is clear that
each basis as the one in Eq. (4.10) determines a fine grading, which is denoted by
Γ(l, t, t′, q, q′, s, p;β, β′, α, α′), (4.11)
where β = (β1, . . . , βt), β
′ = (β′1, . . . , β
′
t′), α = (α1, . . . , αq) and α
′ = (α′1, . . . , α
′
q′). If we
are in the situation of Proposition 4.5 and take ξ a primitive lth root of unit, by Eq. (4.7),
then
Spec(u) = {±iξcβj ,±iξcβ′j′ | j = 1, . . . , t, j′ = 1, . . . , t′, c = 1, . . . , l}
∪ {±iξdαj ,±iξdα′j′ | j = 1, . . . , q, j′ = 1, . . . , q′, d = 1, . . . ,
l
2
}.
(4.12)
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Take
Yi := {
√
iêi,
ei√
i
}, Y ′i := {iwi,−ŵi},
Xi := {ui, vi}, X ′i := {ifi, igi}.
Then Xi is a block of type B
I
1(u, λi) for all i = 1, . . . , k, X
′
i is a block of type B
I
1(u, κi) for
all i = 1, . . . , r, Yi is a block of type B
II
1 (u, λi) for all i = 1, . . . , k, Y
′
i is a block of type
B
II
1 (u, κi) for all i = 1, . . . , r. So we have our familiar fine gradings of Section 4.1 are
Γs1 = Γ(2, 0, 0, k, r, s,m− 2r − 2s;λ, κ),
Γs2 = Γ(1, k, r, 0, 0, s,m− 2r − 2s;λ, κ),
where λ = (λ1, . . . , λk) and κ = (κ1, . . . , κr).
Next we will classify all the fine gradings up to equivalence. Similar to [7, Lemma 5], we
have the following lemma.
Lemma 4.6. Let L be a Lie superalgebra, z ∈ Z(L), u ∈ L. Suppose L contains some
blocks of types I or II.
(1) Let X ⊂ L be a block of type BIl (u, α) (or B
I
l(u, α)) and Y ⊂ L be a block of type
BIl (u, β) (or B
I
l(u, β)), where α, β ∈ C×. Then 〈X〉 = 〈Y 〉 if and only if (αβ )l = 1 if l is
even and (α
β
)2l = 1 if l is odd.
(2) Let X ′ ⊂ L be a block of type BIIl (u, α′) (or B
II
l (u, α
′)) and Y ′ ⊂ L be a block of type
BIIl (u, β
′) (or BIIl (u, β
′)), where α′, β′ ∈ C×. Then 〈X ′〉 = 〈Y ′〉 if and only if (α′
β′
)l = 1.
From now on ξ, ζ ∈ C will denote some fixed lth and 2lth primitive roots of unit,
respectively. Let
α̂ := {αξt : t = 0, . . . , l − 1},
α˜ := {αζt : t = 0, . . . , 2l− 1},
where α ∈ C.
Now we are able to classify all the fine gradings up to equivalencefor twisted Heisenberg
superalgebras.
Theorem 4.7. (1) A grading Γ on Hλ,κn,m is fine if and only if Γ is equivalent to
Γ(l, t, t′, q, q′, s, p;β, β′, α, α′)
for some l, t, t′, q, q′, s, p ∈ Z≥0 such that
l(q + q′ + 2t+ 2t′) + 2s+ p = n+m− 1
and for some β = (β1, . . . , βt), β
′ = (β′1, . . . , β
′
t′), α = (α1, . . . , αq), α
′ = (α′1, . . . , α
′
q′) such
that Eq. (4.12) holds, with l even if q 6= 0 or q′ 6= 0.
(2) If l is odd, two fine gradings on Hλ,κn,m,
Γ = Γ(l, t, t′, q, q′, s, p;β, β′, α, α′),
where β = (β1, . . . , βt), β
′ = (β′1, . . . , β
′
t′), α = (α1, . . . , αq), α
′ = (α′1, . . . , α
′
q′) and
Γ = Γ(l, t, t
′
, q, q′, s, p;β, β
′
, α, α′),
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where β = (β1, . . . , βt), β
′
= (β
′
1, . . . , β
′
t
′), α = (α1, . . . , αq), α
′ = (α′1, . . . , α
′
q′), are
equivalent if and only if l = l, t = t, t′ = t
′
, q = q, q′ = q′, s = s, p = p and there are
ε ∈ C×, η ∈ St, η′ ∈ St′ , σ ∈ Sq, σ′ ∈ Sq′ such that for all j = 1, . . . , t, j′ = 1, . . . , t′,
i = 1, . . . , q, i′ = 1, . . . , q′,
ε̂βj = β̂η(j), ε̂β
′
j′ = β̂
′
η′(j′), ε̂αi = α̂σ(i), ε̂α
′
i′ = α̂
′
σ′(i′).
(3) If l is even, two fine gradings on Hλ,κn,m,
Γ = Γ(l, t, t′, q, q′, s, p;β, β′, α, α′),
where β = (β1, . . . , βt), β
′ = (β′1, . . . , β
′
t′), α = (α1, . . . , αq), α
′ = (α′1, . . . , α
′
q′) and
Γ = Γ(l, t, t
′
, q, q′, s, p;β, β
′
, α, α′),
where β = (β1, . . . , βt), β
′
= (β
′
1, . . . , β
′
t
′), α = (α1, . . . , αq), α
′ = (α′1, . . . , α
′
q′), are
equivalent if and only if l = l, t = t, t′ = t
′
, q = q, q′ = q′, s = s, p = p and there are
ε ∈ C×, η ∈ St, η′ ∈ St′ , σ ∈ Sq, σ′ ∈ Sq′ such that for all j = 1, . . . , t, j′ = 1, . . . , t′,
i = 1, . . . , q, i = 1, . . . , q′,
ε˜βj = β˜η(j), ε˜β
′
j′ = β˜
′
η(j′), ε̂αi = α̂σ(i), ε̂α
′
i′ = α̂
′
σ′(i′).
Proof. We only give the proof of (1). Similar to [7, Theorem 5], by Lemma 4.6, we have
(2) and (3).
The fact that any fine grading is like Eq. (4.11) has been proved in Proposition 4.5. For
the converse, recorder
λ = (ξβ1, . . . , ξ
lβ1, . . . , ξβt, . . . , ξ
lβt, ξα1, . . . , ξ
l
2α1, . . . , ξαq, . . . , ξ
l
2αq),
κ = (ξβ′1, . . . , ξ
lβ′1, . . . , ξβ
′
t′ , . . . , ξ
lβ′t′ , ξα
′
1, . . . , ξ
l
2α′1, . . . , ξα
′
q′ , . . . , ξ
l
2α′q′),
which are possible because of Eq. (4.12). Take {xj1, yj1, . . . , xjl , yjl } to be a block of type
BIl (u, βj) for each j ≤ t and {xj1, yj1, . . . , xjl , yjl } a block of type B
I
l(u, β
′
j) for each j ≤ t′.
Take {aj1, . . . , ajl } to be a block of type BIIl
2
(u, αj) for each j ≤ q and {aj1, . . . , ajl } a block
of type B
II
l
2
(u, α′j) for each j ≤ q′. Take {p1, q1, . . . , ps, qs, z1, . . . , zm−2r−2s} to be a block
of type BIIIs,p(u), where p = m− 2r − 2s.
If l is even, the union of these blocks determines a fine G-grading, which is given by
degxji = (1; 2i+ 2; 0, . . . , 1, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degyji = (1; 2i; 0, . . . ,−1, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degxji = (1; 2i+ 2; 0, . . . , 0; 0, . . . , 1, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degyji = (1; 2i; 0, . . . , 0; 0, . . . ,−1, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degaji = (1; 2i; 0, . . . , 0; 0, . . . , 0; 0, . . . , 1, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degaji = (1; 2i+ 1; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 1, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degpi = (1; 1; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 1, . . . , 0; 0, . . . , 0),
degqi = (1; 1; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . ,−1, . . . , 0; 0, . . . , 0),
degzi = (1; 1; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 1, . . . , 0),
degu = (0; 2; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degz = (2; 2; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
(4.13)
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where G = Z× Z2l × Zt+t′ × Zq+q
′
2 × Zs × Zp2.
If l is odd, there are no blocks of type II. Now we have a fine G′-grading, which is given
by
degxji = (1; i+ 2; 0, . . . , 1, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degyji = (1; i; 0, . . . ,−1, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degxji = (1; i+ 2; 0, . . . , 0; 0, . . . , 1, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degyji = (1; i; 0, . . . , 0; 0, . . . ,−1, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degpi = (1; 1; 0, . . . , 0; 0, . . . , 0; 0, . . . , 1, . . . , 0; 0, . . . , 0),
degqi = (1; 1; 0, . . . , 0; 0, . . . , 0; 0, . . . ,−1, . . . , 0; 0, . . . , 0),
degzi = (1; 1; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 1, . . . , 0),
degu = (0; 1; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
degz = (2; 2; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0; 0, . . . , 0),
(4.14)
where G′ = Z× Zl × Zt+t′ × Zs × Zp2.
By Eq. (4.13) and Eq. (4.14), we can get the universal grading group of any fine grading
on Hλ,κn,m.
Corollary 4.8. The universal grading group of any fine grading
Γ = Γ(l, t, t′, q, q′, s, p;β, β′, α, α′)
on Hλ,κn,m, is
Z1+t+t
′+s × Z2l × Zq+q
′+p
2 if l is even,
Z1+t+t
′+s × Zl × Zp2 if l is odd.
By Theorem 4.7, when one wants to know how many gradings are on a particular twisted
Heisenberg superalgebras Hλ,κn,m, it is enough to see how many ways are of splitting
{±λ1, . . . ,±λk,±κ1, . . . ,±κr}
in the way described in Eq. (4.12).
Example 4.1. Let us compute how many fine grading are there on L = H
(1,1;i)
6,4 . As l must
divide 4 and 1 or −1 is a primitive lth root of unit (recall Eq. (4.7)), the possibilities are
• l = 1 with (t, t′, q, q′, s, p) = (2, 1, 0, 0, 1, 0) or (2, 1, 0, 0, 0, 2)
• l = 2 with (t, t′, q, q′, s, p) = (1, 0, 0, 1, 1, 0), (1, 0, 0, 1, 0, 2), (0, 0, 2, 1, 1, 0) or (0, 0, 2, 1, 0, 2).
So we have six fine gradings:
• Z5-grading Γ(1, 2, 1, 0, 0, 1, 0; 1, 1, i) (the only toral fine grading, Γ12);
• Z4 × Z22-grading Γ(1, 2, 1, 0, 0, 0, 2; 1, 1, i);
• Z3 × Z4 × Z2-grading Γ(2, 1, 0, 0, 1, 1, 0; 1, i);
• Z2 × Z4 × Z32-grading Γ(2, 1, 0, 0, 1, 0, 2; 1, i);
• Z2 × Z4 × Z32-grading Γ(2, 0, 0, 2, 1, 1, 0; 1, 1, i);
• Z× Z4 × Z52-grading Γ(2, 0, 0, 2, 1, 0, 2; 1, 1, i).
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4.3 Weyl groups in the general case
Finally, we would like to compute the Weyl groups of the fine gradings on the twisted
Heisenberg superalgebra L = Hλ,κn,m.
Let Γ, Γ′ be two fine gradings on L. Since W(Γ) =W(Γ′) if Γ and Γ′ are equivalent, by
Theorem 4.7, without loss of generality, we can assume each fine grading
Γ = Γ(l, t, t′, q, q′, s, p;β, β′, α, α′)
on L satisfies
β = (β1, . . . , βt) = (δ1, . . . , δ1, . . . , δt, . . . , δt), each δi repeated mi times,
β′ = (β′1, . . . , β
′
t′) = (δ
′
1, . . . , δ
′
1, . . . , δ
′
t
′ , . . . , δ′
t
′), each δ′i repeated m
′
i times,
α = (α1, . . . , αq) = (γ1, . . . , γ1, . . . , γq, . . . , γq), each γi repeated ni times,
α′ = (α′1, . . . , α
′
q′) = (γ
′
1, . . . , γ
′
1, . . . , γ
′
q′ , . . . , γ
′
q′), each γ
′
i repeated n
′
i times,
(4.15)
and for all i 6= j,
δ̂i 6= δ̂j , δ̂′i 6= δ̂′j , γ̂i 6= γ̂j , γ̂′i 6= γ̂′j if l is even, (4.16)
δ˜i 6= δ˜j , δ˜′i 6= δ˜′j if l is odd (q = q′ = 0). (4.17)
Write
m := (m1, . . . ,mt), m
′ := (m′1, . . . ,m
′
t
′), n := (n1, . . . , nq), n
′ := (n′1, . . . , n
′
q′).
From now on, this grading is denoted by
Γ = Γ(l, t, t′, q, q′, s, p;m,m′,n,n′;β, β′, α, α′).
A basis of homogeneous elements of this grading is formed by z ∈ Z(L), u, blocks
{xj1, yj1, . . . , xjl , yjl }
of type BIl (u, βj) for j ≤ t, blocks
{xj1, yj1, . . . , xjl , yjl }
of type B
I
l(u, β
′
j) for j ≤ t′, blocks
{aj1, . . . , ajl }
of type BIIl
2
(u, αj) for j ≤ q, blocks
{aj1, . . . , ajl }
of type B
II
l
2
(u, α′j) for j ≤ q′, and the block
{p1, q1, . . . , ps, qs, z1, . . . , zp}
of type BIIIs,p(u).
For each σ ∈ Sn1 × · · · × Snq , σ′ ∈ Sn′1 × · · · × Sn′q′ , η ∈ Sm1 × · · · × Smt and η′ ∈
Sm′1 × · · · × Sm′t′ , there exists a unique Υ(η,η′,σ,σ′) ∈ Aut(Γ) defined by Υ(η,η′,σ,σ′)|V = id,
where V is the subspace spanned by
{z, u, p1, q1, . . . , ps, qs, z1, . . . , zp},
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and
xji 7→ xη(j)i , yji 7→ yη(j)i , xji 7→ xη
′(j)
i , y
j
i 7→ yη
′(j)
i , a
j
i 7→ aσ(j)i , aji 7→ aσ
′(j)
i
for all i ≤ l, which obviously preserves the grading but interchanges the blocks.
For each j ≤ t, there exists a unique θj ∈ Aut(Γ) such that θj |W = id, where W is the
subspace spanned by
{z, u, xci , yci , xc
′
i , y
c′
i , a
d
i , a
d′
i , pi′ , qi′ , zj′},
where i ≤ l, i′ ≤ s, j′ ≤ p, d ≤ q, d′ ≤ q′, c ≤ t, c′ ≤ t′, c 6= j, and
θj(x
j
i ) = ix
j
i+1, θj(y
j
i ) = iy
j
i−1
for all i ≤ l (indices taken modulo l).
For each j ≤ t′, there exists a unique θj ∈ Aut(Γ) such that θj |W ′ , where W ′ is the
subspace spanned by
{z, u, xci , yci , xc
′
i , y
c′
i , a
d
i , a
d′
i , pi′ , qi′ , zj′},
where i ≤ l, i′ ≤ s, j′ ≤ p, d ≤ q, d′ ≤ q′, c ≤ t, c′ ≤ t′, c′ 6= j, and
θj(x
j
i ) = ix
j
i+1, θj(y
j
i ) = iy
j
i−1
for all i ≤ l (indices taken modulo l).
When l is even, for each j ≤ t, there exists a unique ϑj ∈ Aut(Γ) such that ϑj |V = id,
where V is the subspace spanned by
{z, u, xci , yci , xc
′
i , y
c′
i , a
d
i , a
d′
i , pi′ , qi′ , zj′}
for i ≤ l, i′ ≤ s, j′ ≤ p, d ≤ q, d′ ≤ q′, c ≤ t, c′ ≤ t′, c 6= j, and
ϑj(x
j
i ) = y
j
i , ϑj(y
j
i ) = −xji
for all i ≤ l; for each j ≤ t′, there exists a unique ϑj ∈ Aut(Γ) such that ϑj |V ′ = id, where
V ′ is the subspace spanned by
{z, u, xci , yci , xc
′
i , y
c′
i , a
d
i , a
d′
i , pi′ , qi′ , zj′}
for i ≤ l, i′ ≤ s, j′ ≤ p, d ≤ q, d′ ≤ q′, c ≤ t, c′ ≤ t′, c′ 6= j, and such that
ϑj(x
j
i ) = y
j
i , ϑj(y
j
i ) = x
j
i
for all i ≤ l.
Also when l is even, for each j ≤ q, there exists a unique ρj ∈ Aut(Γ) such that
ρj |W = id, where W is the subspace spanned by
{z, u, xci , yci , xc
′
i , y
c′
i , a
d
i , a
d′
i , pi′ , qi′ , zj′},
where i ≤ l, i′ ≤ s, j′ ≤ p, d ≤ q, d′ ≤ q′, c ≤ t, c′ ≤ t′, d 6= j, and such that
ρj(a
j
i ) = a
j
l
2+i
for all i ≤ l (indices taken modulo l); for each j ≤ q′, there exists a unique ρj ∈ Aut(Γ)
such that ρj |W ′ = id, where W ′ is the subspace spanned by
{z, u, xci , yci , xc
′
i , y
c′
i , a
d
i , a
d′
i , pi′ , qi′ , zj′}
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for i ≤ l, i′ ≤ s, j′ ≤ p, d ≤ q, d′ ≤ q′, c ≤ t, c′ ≤ t′, d′ 6= j, and
ρj(a
j
i ) = a
j
l
2+i
for all i ≤ l (indices taken modulo l).
Finally take ̺i, τ˜ and ς˜ described in Theorem 4.2.
Lemma 4.9. Let
Γ = Γ(l, t, t′, q, q′, s, p;m,m′,n,n′;β, β′, α, α′)
be a fine grading on Hλ,κn,m, where
m = (m1, . . . ,mt), m
′ = (m′1, . . . ,m
′
t
′), n = (n1, . . . , nq), n
′ = (n′1, . . . , n
′
q′).
If l is even and the automorphism f ∈ Aut(Γ) such that f(z) = z and f(u) = u, then the
image [f ] of f in W(Γ) belongs to the group generated by
{[Υ(η,η′,σ,σ′)], [θj ], [ϑj ], [θj′ ], [ϑj′ ], [ρi], [ρi′ ][̺h], [τ˜ ], [ς˜ ]}, (4.18)
where j ≤ t, j′ ≤ t′, i ≤ q, i′ ≤ q′, h ≤ s, η ∈ Sm1 × · · · × Smt , η′ ∈ Sm′1 × · · · × Sm′t′ ,
σ ∈ Sn1 × · · · × Snq and σ′ ∈ Sn′1 × · · · × Sn′q′ .
Proof. Fix j ∈ {1, . . . , t}. There is c ∈ {1, . . . , t} such that δc = βj (see Eq. (4.15)).
Suppose Xj is the jth block, which is a block of type B
I
l (u, δc). Since f(u) = u, we have
f(〈Xj〉) = 〈Xj〉, so it must generate the subspace spanned by the dth block for some d
such that δc = βd. In other words, there is η ∈ Sm1 × · · · × Smt such that f applies
the jth block of type I into the span of the η(j) = dth block of type I. In the same way,
there are η′ ∈ Sm′1 × · · · × Sm′t′ , σ ∈ Sn1 × · · · × Snq , σ
′ ∈ Sn′1 × · · · × Sn′q′ such that the
automorphism Υ−1(η,η′,σ,σ′)f applies each block into the subspace spanned by itself. So we
have [f ] is generated by [Υ(η,η′,σ,σ′)], [θj ], [ϑj ], [θj′ ], [ϑj′ ], [ρi], [ρi′ ], [̺h], [τ˜ ] and [ς˜ ].
Note that 〈[θj ], [ϑj ]〉 ∼= Dl, 〈[θj], [ϑj ]〉 ∼= Dl, the group W ′ generated by the set in Eq.
(4.18) is isomorphic to
(Sm1 × · · · × Smt × Sm′1 × · · · × Sm′t′ ×Sn1 × · · · × Snq × Sn′1 × · · · × Sn′q′ × Ss × Sp)
⋉(Dt+t
′
l × Zq+q
′
2 × Zs2). (4.19)
Similar to [7, Lemma 7], we have the following technical lemma.
Lemma 4.10. Let
Γ = Γ(l, t, t′, q, q′, s, p;m,m′,n,n′;β, β′, α, α′)
be a fine grading on L = Hλ,κn,m, where
m = (m1, . . . ,mt), m
′ = (m′1, . . . ,m
′
t
′), n = (n1, . . . , nq), n
′ = (n′1, . . . , n
′
q′).
β = (β1, . . . , βt), β
′ = (β′1, . . . , β
′
t′), α = (α1, . . . , αq), α
′ = (α′1, . . . , α
′
q′ ).
(1) If f ∈ Aut(L) satisfies that f(z) = z and f(u) = εu, then ε is a primitive cth root of
unit and
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{α̂1, . . . , α̂q} =
c−1⋃
j=0
εjX, {α̂′1, . . . , α̂′q′} =
c−1⋃
j=0
εjX ′, (4.20)
{β̂1, . . . , β̂t} =
c−1⋃
j=0
εjY, {β̂′1, . . . , β̂′t′} =
c−1⋃
j=0
εjY ′, (4.21)
for some sets X, X ′, Y and Y ′ of classes such that X ∩ εjX is either ∅ or X, X ′∩ εjX ′ is
either ∅ or X ′, Y ∩εjY is either ∅ or Y and Y ′∩εjY ′ is either ∅ or Y ′ for all 0 ≤ j ≤ c−1.
(2) If there is a divisor c of t, t′, q and q′ such that βj = βj+ t
c
for all 1 ≤ j ≤ t
c
,
β′j = β
′
j+ t
′
c
for all 1 ≤ j ≤ t′
c
, αj = αj+ q
c
for all 1 ≤ j ≤ q
c
, α′j = α
′
j+ q
′
c
for all 1 ≤ j ≤ q′
c
,
for ǫ a primitive cth root of unit, there exists a unique automorphism gc of order c such
that gc(u) =
1
ǫ
u, gc|V = id, where V is the subspace spanned by {z, pi, qi, zj | i ≤ s, j ≤ p},
and
gc(x
j
i ) = x
j+ t
c
i , gc(y
j
i ) = y
j+ t
c
i , gc(x
j′
i ) = x
j′+ t
′
c
i ,
gc(y
j′
i ) = y
j′+ t
′
c
i , gc(a
d
i ) = a
d+ q
c
i , gc(a
d′
i ) = a
d′+ q
′
c
i
for all i ≤ l, j ≤ t, j′ ≤ t′, d ≤ q, d′ ≤ q′.
Finally, we can characterize all the Weyl groups of for the fine gradings of twisted Heisen-
berg superalgebras.
Theorem 4.11. Let
Γ = Γ(l, t, t′, q, q′, s, p;m,m′,n,n′;β, β′, α, α′)
be a fine grading on Hλ,κn,m, where
m = (m1, . . . ,mt), m
′ = (m′1, . . . ,m
′
t
′), n = (n1, . . . , nq), n
′ = (n′1, . . . , n
′
q′).
Take c ∈ N to be the greatest integer such that, for ǫ a primitive cth root of unit, there
are sets X, X ′, Y and Y ′ of classes such that Eqs. (4.20) and (4.21) holds. Let d be the
minimum positive integer such that ǫ̂d = 1̂.
(1) If l is even, the Weyl group W(Γ) is isomorphic to the quotient group of W ′ ⋊ Zc
modulo Z c
d
, where W ′ is the semidirect product of
Sm1 × · · · × Smt × Sm′1 × · · · × Sm′t′ × Sn1 × · · · × Snq × Sn′1 × · · · × Sn′q′ × Ss × Sp
and Dt+t
′
l × Zq+q
′
2 × Zs2.
(2) If l is odd, the Weyl group W(Γ) is isomorphic to the quotient group of
((Sm1 × · · · × Smt × Sm′1 × · · · × Sm′t′ ××Z
s+1
2 × Ss × Sp)⋉ Zt+t
′
l )⋊ Zc
modulo Z c
d
.
Proof. Suppose the grading Γ is formed by z, u, blocks {xj1, yj1, . . . , xjl , yjl } of type BIl (u, βj)
for j ≤ t, blocks {xj1, yj1, . . . , xjl , yjl } of type B
I
l(u, β
′
j) for j ≤ t′, blocks {aj1, . . . , ajl } of type
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BIIl
2
(u, αj) for j ≤ q, blocks {aj1, . . . , ajl } of type B
II
l
2
(u, α′j) for j ≤ q′, and the block
{p1, q1, . . . , ps, qs, z1, . . . , zp} of type BIIIs,p(u).
(1) Suppose l is even. Take f ∈ Aut(Γ). Then f(z) ∈ 〈z〉 and f(u) ∈ 〈u〉. We can
assume that f(z) = z, by replacing f with the composition of f with the automorphism
given by
z 7→ α2z, u 7→ u, xji 7→ αxji , yji 7→ αyji , xji 7→ αxji , yji 7→ αyji ,
aji 7→ αaji , aji 7→ αaji , pi 7→ αpi, qi 7→ αqi, zi 7→ αzi
for some α ∈ C×.
Consider gc the automorphism described in Lemma 4.10 (2). Note that if we apply
Lemma 4.10 (1) to f , there is ε a primitive c′th root of unit such that f(u) = εu. So εǫ
is a primitive lcm(c, c′) root of unit and fg−1c (u) = εǫu. By Lemma 4.10 (1), we have the
corresponding splitting. By maximality of c, we conclude that lcm(c, c′) = c and ε is a
power of ǫ. Thus there is h ∈ N such that fghc (u) = u and thus Lemma 4.9 is applied and
[f ] ∈ 〈[gc],W ′〉, where W ′ is described as in Eq. (4.19). Moreover, W(Γ) = W ′ ⋊ 〈[gc]〉,
since gcfg
−1
c = εu for any f ∈ W ′.
By Lemma 4.10 (2), the new generator [gc] has order c. Since g
d
c = ǫ
qu, there exists
some element f ′ ∈ Stab(Γ) such that f ′gdc (u) = u and f ′gdc (z) = z. Thus [gc]d ∈ W ′. So
we have W(Γ) is isomorphic to the quotient group of W ′ ⋊ Zc modulo Z c
d
.
(2) Suppose l is odd. Now the maps ϑj and ϑj are not longer automorphisms, but there
exists ϑ′ ∈ Aut(Γ) such that ϑ′(u) = −u, ϑ′|V = id, where V is the subspace spanned by
{z, pi, qi, zj | i ≤ s, j ≤ p},
and
ϑ′(xji ) = (−1)iyji , ϑ′(yji ) = (−1)i+1xji , ϑ′(xji ) = (−1)iyji , ϑ′(yji ) = (−1)ixji .
If f ∈ Aut(Γ) fixes the subspaces spanned by the blocks, it is not difficult to check that [f ]
belongs to the subgroup generated by
{[ϑ′], [θj ], [θj′ ], [̺i], [τ˜ ], [ς˜ ] : j ≤ t, j′ ≤ t′, i ≤ s},
which is isomorphic to Zt+t
′
l ⋊ (Z
s+1
2 × Ss × Sp). Take gc as in the even case. Similar to
the even case, we have W(Γ) =W ′ ⋊ 〈[gc]〉, where
W ′ = (Sm1 × · · · × Smt × Sm′1 × · · · × Sm′t′ × Z
s+1
2 × Ss × Sp)⋉ Zt+t
′
l .
Hence W(Γ) is isomorphic to
((Sm1 × · · · × Smt × Sm′1 × · · · × Sm′t′ × Z
s+1
2 × Ss × Sp)⋉ Zt+t
′
l )⋊ Zc
Z c
d
.
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